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1 Introduction

The purpose of this research is to generate high-aspect-ratio cells for structured
grids in the vicinity of boundaries for wall dominated phenomena such as viscous
layers in aerodynamic applications. When such domains are discretized for complex
geometries, it is important that the grid fits the boundaries well, and this becomes
even more difficult to achieve with strongly curved boundaries. Domain decompo-
sition simplifies this problem by subdividing the domain into multiple blocks and
makes the task of meshing complex geometries more manageable.

There are many benefits to using a multi-block strategy. It is possible to con-
trol the orthogonality and grid quality more precisely within smaller blocks, and
it allows different mesh types and generation techniques in each individual block.
Also, parallel algorithms can be embedded in the mesh generation algorithm, where
different blocks can be assigned to different processors, thus greatly improving the
efficiency of the process.

The present paper introduces an approach to automatically decompose an arbi-
trary complex domain into face-matching multi-blocks emanating from the bound-
aries. The subdivision procedure is based on the creation of offset surfaces which
closely fit their geometries instead of arbitrary planes or surfaces. This fitting is
achieved through a weak solution of the Offset Distance Function, which is a varia-
tion of the Eikonal equation. Computing the normal directions in this manner insures
that they do not cross, and the resulting propagation avoids self-intersections which
arise from direct construction methods.

Thus this method can be applied on an arbitrary complex domain, i.e., a con-
cave, or a convex shape, it may have sharp corners, or even be multi-connected.
In addition, the proposed method transports the original parameterization to the
propagated surface which allows rigorous matching of block faces. The geometric
and topological configurations are thus well defined which allows to increase the
automation level without user intervention.
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This paper is arranged as follows: Section 2 gives a brief survey for multi-block
strategies, and the methodology used in this work. Section 3 introduces the tech-
niques used for the computation of the front propagation, and the proposed mathe-
matical foundation, based on a variation of the Eikonal equation, is reviewed together
with the numerical scheme used to solve this form of equation. Section 4 describes the
application of this method to complex industrial configurations. Finally, Section 5
summarizes the presentation.

2 Multi-Block Generation Methodology

The numerous domain decomposition methods developed over the years were devised
for entire geometric domains. The present work aims to generate viscous grids, thus
we will limit the approach to generating multi-blocks around solid boundaries.

One early strategy is to use unstructured meshing methods where triangular
sub-domains are generated by applying the Delaunay technique [Bergman1990,
Cordova1992], and then transform the triangles into quadrilaterals by removing
the appropriate edges or subdividing each triangle into three quadrilaterals that are
used as blocks [Bergman1990]. Advancing-front techniques have also been used to
decompose the domain directly into quadrilateral [Schonfeld1991], or coarse hexa-
hedra cells [Kim1995] for 3D problems.

Piperni and Camarero developed a domain decomposition method [piperni2003]
whose basic idea is to topologically map the original domain into a rectilinear poly-
gon. It is then decomposed into prime rectangles which are finally mapped back to
the geometric domain to generate quad (2D) or hexahedra (3D) blocks. Park and
Lee suggested a hyper cube++ concept, in which complex geometry is first trans-
formed into parametric domain, after decomposing the parametric domain, these
decomposing informations are mapped back to physical space [ParkLee1998].

Guibault proposed a domain decomposition method, based on a direct propaga-
tion of the boundaries using Eqn. (2), aimed at generating multiple blocks around
geometric boundary area [PHD-guibault]. Topologically, each block is equivalent as
a cube template. The blocks are obtained by first generating surface grids on the
boundaries to be offset, then propagating these surface grid points along their nor-
mal directions. Finally, the relative topological connectivities are constructed by
sequentially connecting propagated points into edges, faces and volumes. The input
and output files include both geometric information, (points, curves and surfaces),
and topological information (vertices, edges, faces and volumes).

The advantage of this method is that it enforces parametric consistency between
the original boundary, and its offset counterpart. All the points located on the
original front are propagated along their local normal directions, thus all the points
on the original front and its offset share a one-to-one parametric mapping. The
weakness of this method is that self-intersection eliminating algorithms are difficult
to implement and may fail for severely concave regions in 3D .

The present multi-block generation strategy is directly inspired from [PHD-guibault].
The major difference lies in the computation of the normal direction, n. Instead of
using the boundary’s geometry directly, it is calculated through the use of a dis-
tance function φ field. This is obtained by the weak solution of the Offset Distance
Equation, rather than using the coordinates of neighboring points.
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n =
∇φ

|∇φ| (1)

This property guarantees that local normal directions will not intersect during
propagation, thus self-intersections are naturally avoided by this formulation. As
no additional care is required to detect or eliminate collisions, this method can be
applied on arbitrary complex domains. These can be closed or even open domains (as
in through flow applications) by the addition of special boundary planes (Section 4).

3 Front Propagation Model

In dealing with surface offset or propagation, two important problems arise, for which
no perfectly satisfactory solution has yet been proposed. The first problem relates
to the potential self-intersection of the front as it grows from the original surface
as shown in Fig. 1. Local self-intersection may occur during propagation when the
offset distance is greater than the local curvature radius in concave regions. Global
self-intersection, on the other hand, arises when the distance between two distinct
points on the curve or surface reaches a local minimum.

(a) Local self-intersection (b) Global self-intersection

Fig. 1. Self-intersection problems

The second difficulty which is a more recent issue in offset construction is the es-
tablishment of a common connectivity between the original and offset surfaces. Cur-
rent literature shows that numerous incidental applications can be facilitated if the
connectivity could be transported from the original surface to its offset. These areas
include transport of trim curves [kumar2003] and tool path generation [park2001],
and, in the present case, semi-structured mesh generation in near wall regions.

3.1 Literature Review for Front Propagation

A variety of contributions deal with the computation of offset curves and surfaces.
They can be classified in two types: direct offset methods (DOM), which propagate
curves or surfaces directly based on a geometric construction; indirect offset methods
(IOM), which cast the curve or surface offset problem into a set of partial differential
equations (PDE), in which, geometric information are implicitly represented.
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Direct Offset Methods (DOM)

The advantage of DOM is that the entire or partial original parameterization in-
formation can be preserved, but the self-intersections problem cannot be avoided,
and extra care is required for removing self-intersections. The ability to effectively
eliminate these is an important criterion in the applicability of such methods in the
context of an automated procedure.

The basis for constructing the offset surface is the following equation:

xt = Fn (2)

which relates xt, the time derivative of the geometric front position vector, to F
the offset speed, a given function, and n, the normal vector. The offset curves or
surfaces are generated by successively solving this equation.

One representative attempt to eliminate self-intersections is the Advancing Front
Method developed by Pirzadeh [pirzadeh1993] based on a grid-marching strategy.
The solution is to simply stop the advancement of the front before self-intersections
occur. Based on a similar marching idea, Sullivan [sullivan1997] presented a self-
intersection detection and removal algorithm in 2D. The 3D algorithm developed
by Guibault [PHD-guibault] eliminates self-intersections by first detecting tangled-
loop and then re-locating the points located within this area. In the algorithm de-
scribed by Glimm and al [glimm2000], a hybrid algorithm is applied to resolve self-
intersections by either re-triangulating triangles after removing unphysical surfaces,
or reconstructing the interface within each rectangular grid block in which crossing
is detected.

Other types of techniques to eliminate self-intersections use the properties
of curves and surfaces, i.e. control points, derivatives, curvature etc. Blomgren
[blomgren1981], Tiller and Hanson [tiller1984], and Coquillar [coquillart1987] ap-
proached the problem by offsetting the control polygon for NURBS curves. Nachman
[nachman2002] extended this idea to propagate surfaces by offsetting control points.
Piegl and Tiller [piegl1999] sampled offset curves and surfaces based on bounds on
the second derivatives to avoid self-intersections. In the method developed by Sun
and al. [sun2004], control points are repositioned to reduce local curvature in areas
where local self-intersections may occur, while the rest of the control points remain
unchanged. Farouki [farouki1986] described an algorithm which first decomposes
the original surfaces into parametric patches, and then uses Hermite interpolation
to construct the offset surfaces.

Indirect Offset Methods (IOM)

Self-intersection problems can be avoided, but at the cost of completely losing the
connectivity information stored in the original geometric front. In general, to restore
a similar connectivity between the original and offset fronts is not a trivial task.

The Level set method developed by Sethian and Osher [osher1988], models front
propagation problems as a hyperbolic differential equation.

φt +∇φ · xt = 0 (3)

in which, x is the coordinate of an arbitrary point in space, φ is the minimum Eu-
clidean distance from x to the front to be propagated. Numerical scheme and opti-
mization method for solving Eqn. (3) are discussed in works by Sethian [sethian1996,
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sethian1999]. Kimmel [kimmel1993] applied the level set equation to offset NURBS
curves and surfaces in 1993.

The significant improvement of this approach is that it intrinsically prevents
self-intersections by constructing a weak solution to the offset problem. In this
method, corners and cusps are naturally handled, and topological changes occur
in a straightforward and rigorous manner. Complex motion, particularly those that
require surface diffusion, sensitive dependence on normal directions to the interface,
and sophisticated breaking and merging, can be straightforwardly implemented, with
no user intervention ([malladi1996]).

In the level set method, the result of offsetting curves or surfaces are dependent
on many other factors, such as the calculation of offset speed F and curvature k.
Re-initialization of the level sets during calculation are required to maintain an accu-
rate level set representation. Also, offset surfaces are extracted from the computed
φ solution as iso-value surfaces, resulting in triangulated surface representation,
which have to be re-parameterized, if the original surfaces are represented by two-
dimensional parameterization (which may also be called topological connectivity if
original surfaces are represented by triangles rather than parameterized surfaces).
Transforming this parameterization or connectivity information into offset surfaces
is a costly task. Several methods [sheffer2001, hormann2001] have been proposed
to re-construct two-dimensional parameterizations based on triangulated surfaces
but cannot be used to establish a one-to-one parametric relationship between the
original and offset surfaces.

The advantages and deficiencies of the DOM and IOM methods are comple-
mentary. Among all of these reviewed propagating methods, the level set method
prevails over other methods, and brings a significant improvement and elegant way
in avoiding self-intersection problems. The present work proposes to combine the ad-
vantages of the two types of methods to build a new offset construction method that
maintains parametric connectivity between the original and offset surfaces, and still
avoids self-intersections through the use of a weak solution to the shortest distance
problem.

3.2 Offset Computation Equation

The present work proposes the use of another type of PDE for surface offset con-
struction, the Offset Distance Equation, which is a variation of the Eikonal equation:

∇φ · ∇φ = 1
φ = 0 if P ∈ Γ

(4)

where φ is the minimum Euclidean distance from an arbitrary point (P ) in the
computational domain (Ω) to the front (Γ ) to be propagated. Eqn. (4) expresses
the condition for the shortest Euclidean distance from any space position to the
boundary. It thus simplifies the level set mathematical model.

The φ function is very important in the present work: (1) It provides the basis for
the calculation of the local normal directions to preserve the advantages of level set
method. That means multi-block partition lines are propagated in the φ space, rather
than in the geometric space; (2) It is also used to prevent global self-intersections.
When φ decreases, the propagated point is approaching a boundary, and propagation
is stopped to avoid collisions. (3) It can also be used as a direct stopping criterion
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when the value of φ at the propagated point is equal or greater than the prescribed
propagated distance.

Mathematical representation

Let Γ be a continuous front to be propagated, it can be either a closed or open
front; P be an arbitrary point in the domain of interest Ω, Γ ⊂ Ω; and φ be the
smallest Euclidean distance between P and Γ . To represent the φ function, a point
P0 is defined which meets the following conditions: (1) P0 is located on Γ ; (2) the
Euclidean distance between P and P0 is the minimum Euclidean distance between
P and Γ . Let P = (x, y, z), P0 = (x0, y0, z0), then the φ function can be written as

φ(x, y, z) = (x− x0)2 + (y − y0)2 + (z − z0)2 (5)

in which, φ is 0 when P lies on Γ . After a squared summation of the first derivatives
of Eqn. (5), in a 3D Cartesian frame of reference, the distance offset equation can
be written as:

∂φ

∂x

2

+
∂φ

∂y

2

+
∂φ

∂z

2

= 1 (6)

The problem can now be formally cast as an initial value problem using Eqn. (4)
for any dimension or frame of reference.

Numerical method

The focus is now on the choice of a convergent, consistent and efficient way to
solve Eqn. (4). The Fast Sweeping Scheme (FSS)developed by Zhao [zhao2004] is
proposed, since it improves the computational complexity from Θ(Nlog(N)) in the
fast marching method (FMM) developed by Sethian [sethian1999siam] to Θ(N),
where N is the total number of Cartesian grid points. A brief description of the
3D numerical scheme is given to illustrate the algorithm. More details about this
scheme and its validation can be found in [zhao2004, 1].

A 3D uniform Cartesian grid system is used to discretize Eqn. (6) with step sizes
Δx = Δy = Δz = h. The partial derivatives ∂φ

∂x
, ∂φ

∂y
and ∂φ

∂z
are replaced by the

following Godunov upwind scheme [rouy1992],

∂φ

∂x
=

φt+1
i,j,k − a

h
,

∂φ

∂y
=

φt+1
i,j,k − b

h
,

∂φ

∂z
=

φt+1
i,j,k − c

h
. (7)

In the above equations, (i, j, k) are the indices for the Cartesian grid nodes in
3D, t is the sweeping time, and a, b, c are defined as

a = min(φt
i−1,j,k, φt

i+1,j,k) i = 2, ..., I − 1
b = min(φt

i,j−1,k, φt
i,j+1,k) j = 2, ..., J − 1
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c = min(φt
i,j,k−1, φ

t
i,j,k+1) k = 2, ..., K − 1 (8)

In Eqn. (8), I, J and K are the grid numbers in x, y and z directions, respectively.
One sided-difference schemes are used for calculating a, b and c when i = 1, orI,
j = 1, orJ , and k = 1, orK.

After replacing ∂φ
∂x

, ∂φ
∂y

, and ∂φ
∂z

by the expressions in Eqn. (7), and substituting
into Eqn. (6) gives,

φt+1
i,j,k − a

+ 2

+ φt+1
i,j,k − b

+ 2

+ φt+1
i,j,k − c

+ 2

= h2 (9)

where function (m)+ is defined as:

(m)+ =
m, when m > 0
0, when m ≤ 0

.

After re-arranging a, b, and c into the order of a < b < c, φt+1
i,j,k can be calculated

as:
let φtemp = a + h

1. if, φtemp ≤ b, then φt+1
i,j,k = φtemp, and it is the solution to Eqn. (6);

2. else, let φtemp =
(a+b)+

√
2h2−(a−b)2

2

a) if, φtemp ≤ c, then φt+1
i,j,k = φtemp, and it is the solution to Eqn. (6);

b) else,

φt+1
i,j,k =

(a+b+c)+
√

3h2+2(ab+bc+ac−a2−b2−c2)

3
, and it is the solution to Eqn. (6).

The new value φnew
i,j,k at node (i, j, k) is chosen as: φnew

i,j,k = min(φt
i,j,k, φt+1

i,j,k). The

old value φt
i,j,k is always replaced by φnew

i,j,k in the sweeping calculation process.

4 Methodology and Application

The proposed method is presented in the context of a 3D industrial geometric model,
a draft tube. The characteristics are that it is a multi-connected open domain, with
sharp corners and it has both concave and convex shapes. The goal is to decompose
the domain into multiple hexahedral blocks emerging from the walls or boundary
surfaces. The first step of the procedure is to decompose the draft-tube surface into
a set of four-sided patches (see Fig. 2). These will be propagated or swept into the
domain, and the original patch and the propagated patch will constitute the top
and bottom faces, respectively, of a new block.

There are five essential steps in this method: (1) define a domain Ω, and dis-
cretize it into a uniform Cartesian grid; (2) calculate φ for each grid node using the
fast sweeping algorithm; (3) calculate normal directions for the front grid nodes; (4)
propagate front points along their local normal directions according to the given dis-
tance; (5) construct blocks or the relative topological connectivities around boundary
area.
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Fig. 2. Geometric model: a draft tube with 2 piers

4.1 Domain Discretization

The given geometry Γ is plunged into a domain Ω large enough to cover Γ . The
domain Ω is discretized into a uniform Cartesian grid, and for each grid node, a
scalar value φ, the minimum Euclidean distance of the Cartesian node to Γ , will be
computed.

4.2 Computation of the distance field φ

All the grid nodes are first initialized to a large positive value. This value is chosen
by the user with the only requirement is that it should be larger than the maximum
possible overall distance of the computation domain. In practice, a value which is
equal or greater than the size of Ω is assigned. Then two subsequent steps are applied
as described below.

Initialization of Boundary-nodes

If Γ intersects an edge constructed between two grid nodes, then all the nodes
belonging to the cells sharing this edge are marked as boundary-nodes (see Fig. 3).
To enforce the boundary condition, φ = 0 when (x, y, z) ∈ Γ , exact values are
assigned to boundary-nodes. These are calculated by projecting a boundary-node
onto the front segments and the minimum length of this projection line is used for
initializing the φ value of this boundary-node. If no projection line is found for a
given boundary node, then the minimum distance between this boundary-node and
the node located on front segment is the exact value for this boundary-node. To
accelerate boundary-node detection, the line segments in 2D (or triangles in 3D) are
stored in an Alternating Digital Tree (ADT) [bonet1991].
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Projection lines

Front Segment

Boundary−nodes

Cartesian grid

Fig. 3. Definition of Boundary-nodes

Updating the φ field

Gauss-Seidel iterations with alternating sweeping orderings are used to update φ’s.
In 2D, it takes 4 sweeps to get a converged solution, each sweep is carried out
along the diagonal direction of the Cartesian grid. After each sweep, one-quadrant
data located in the destination area of the sweeping direction is updated. The same
sweeping procedure is applied for the 3D calculation. Since there are eight vertices
in a 3D Cartesian grid, it takes 8 sweeps to update the data located in 8 octants.
Algorithm 1 illustrates this φ updating procedure for one sweep, all the other seven
sweeps are similar.

Algorithm 1: updating φ (one sweep procedure)
for k = 0, K do

for j = 0, J do
for i = 0, I do

calculate a, b, and c
calculate φt+1

i,j,k

calculate φnew
i,j,k

end for
end for

end for

4.3 Calculation of the normal directions

At each grid node, φx, φy and φz are calculated using a centered difference scheme:

φx =
φi+1,j,k−φi−1,j,k

2Δx
, i = 2, ...I − 1 (10)

φy =
φi,j+1,k−φi,j−1,k

2Δy
, j = 2, ...J − 1 (11)

φz =
φi,j,k+1−φi,j,k−1

2Δz
, k = 2, ...K − 1 (12)
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and a one-sided difference scheme is used for boundary nodes, when i = 1 or I, j = 1
or J and k = 1 or K.

At each grid node on the front, (xP , yP , zP ), the values of φxP , φyP and φzP

are interpolated using the values at eight neighboring grid nodes (φxi , φyi , φzi),
i = 1, ...8, as shown in Fig. 4. The normal directions at front points can be calculated
directly using Eqn. (1).

x y  z7 7 7
(Φ  , Φ  ,Φ  )

(Φ   ,Φ  ,Φ  )x     y     zP          P          P Front Grid node 

x    y    z2         2         2
(Φ   ,Φ  ,Φ  )

8 8(Φ   , Φ  , Φ  )x      y     z8

(Φ   ,Φ  ,Φ  ) x     y    z4 4 4

(Φ   ,Φ  ,Φ  )x     y    z1           1          1

(Φ   ,Φ  ,Φ  ) x     y    z333

(Φ   ,Φ  ,Φ  )x     y    z5          5          5 x     y    z6            6          6

Minimum corner

Maximum corner

(Φ   ,Φ  ,Φ  )

Fig. 4. Calculation of φxP , φyP and φzP

For an open domain, in addition to the boundary surfaces, it is necessary to
specify the boundary curves which bound the boundary surface. For example, the
inlet circle and outlet rectangle in Fig. 5 are such boundary curves. These lie on
special boundary planes which are added for the purpose of correctly closing the
domain from a topological point of view, as well as providing the support for the
propagation of these boundary curves.

Within each such surface, the boundary curve propagation problem is trans-
formed into a 2D curve propagation problem, and the algorithm described in this
section is applied directly. In the present application, it is required that normal di-
rections should lie on such special boundary planes, i.e. this algorithm cannot be
used when the boundary curves are general space curves.

4.4 Point Propagation

Replacing xt by a finite difference scheme, and letting F = 1, Eqn. (2) can be
rewritten as

xn+1 = xn ± ∇φ

|∇φ|dt (13)

in which n is the propagation time, and dt is the time step. The term ∇φ/|∇φ| is cal-
culated by a forth-order Runge-Kutta method [hoffman1992] and can be viewed as a
unit propagation speed in the normal direction; positive for an outward propagation,
and negative for an inward propagation.
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Fig. 5. Boundary curves and Special boundary planes

(a) Case: φn+1 − φn < 0

0

final final

Γ

n

(x   , y  )

given propagated
distance

n

n−1 n−1

(x  ,  y ) last propagation

(x    ,  y    ) final position

(x ,  y )0

(b) Case: φn+1 ≥ d

Fig. 6. Propagation stopping criteria

For each new propagated point, there are two stopping criteria. When one of
them is satisfied, the propagation is stopped (see Fig. 6): (1) If φn+1 − φn < 0,
or in other words, if φ starts to decrease; (2) If φ is equal to or greater than the
specified propagation distance, d. When the value of φ at the final position xn+1 is
greater than the given propagation distance, then linear interpolation is used to get
the exact position.
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(a) The resulting blocks - closed domain (b) The resulting blocks - open domain

Fig. 7. Result comparisons (overall views)

4.5 Construction of topological connectivities

All the propagated points are sequentially connected according to their original
connectivities, and corresponding points on the original and propagated geometries
are used to construct blocks. Detailed descriptions about topological connectivities
can be found in [PHD-guibault].

Fig. 7 illustrates the difference of the resulting blocks for a closed and open
domain. In Fig. 7(a), inlet and outlet surfaces are added to Fig. 2, in this case,
the original geometry can be viewed as a closed domain. Fig. 7(b) is the resulting
blocks generated by directly propagating original geometry, in this case, the original
domain can be viewed as an open domain, thus special boundaries are added at inlet
and outlet parts. Fig. 8 is the enlarged comparisons at inlet and outlet parts. From
Fig 8(a) to 8(d), we can see that inlet and outlet surfaces are propagated and blocks
are generated when the original geometry is dealt as a closed domain; and boundary
curves are propagated along the inlet and outlet planes when original geometry is
an open domain.

Fig. 9 is the overall view of the resulting mesh, in which a structured mesh is
generated within each individual block. Fig. 10 is the enlarged view for the results
generated around a pier and in a sharp corner, respectively. Fig. 11 is an enlarged
view of the propagating lines at a sharp corner. Theoretically, the front does not
intersect itself. However, marched elements can eventually collapse causing the vol-
ume of some of the resulting elements to vanish. Elliptical smoothing of the mesh
in each block could be used to attenuate this problem.

5 Conclusion

In this paper, we have presented a new approach to construct structured and semi-
structured meshes near solid boundaries, based on domain decomposition. The pro-
posed decomposition approach first proceeds by explicitly constructing an offset sur-
face at the boundary, which is then used to topologically subdivide the domain into
simple regions that are meshed independently. A key contribution of this approach
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(a) Inlet part - closed domain (b) Inlet part - open domain

(c) Outlet part - closed domain (d) Outlet part - open domain

Fig. 8. Comparisons between open and closed domains (inlet and outlet part)

lies in the method used to construct the boundary offset surfaces and construct the
structured mesh in each block. A mixed method for the solution of the offset distance
equation is used, that alleviates local and global self-intersection problems during
offset surface construction, while allowing to maintain a parametric relationship
between the original surfaces and their corresponding offset.

This method can be applied indistinctly to continuous surfaces exported from
CAD systems (e.g. NURBS) and to discrete polygonal versions of domain bound-
aries. The front can be an arbitrarily complex multi-connected domain. Topological
connectivities are easily and naturally handled after propagation without user in-
tervention, and the block faces exactly match each other. Local self-intersections
are naturally avoided using the weak solution to the Eikonal equation, and global
self-intersections can be avoided based on a simple detection criterion involving the
φ field.

Permeable and internal surfaces can naturally be used to constrain the volume
decomposition process through the introduction of special boundary planes. The
current implementation only allows to treat planar fictitious boundaries, but there
is no theoretical limit that prevents the extension to surfaces of arbitrary shape.
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Fig. 9. Resulting mesh - overall view
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